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REGULARITY OF THE METRIC ENTROPY FOR
EXPANDING MAPS

MAREK RYCHLIK

ABSTRACT. The main result of the current paper is an estimate of the radius
of the nonperipheral part of the spectrum of the Perron-Frobenius operator for
expanding mappings. As a consequence, we are able to show that the metric
entropy of an expanding map has modulus of continuity xlog(l/x) on the
space of C2-expandings. We also give an explicit estimate of the rate of mixing
for C!-functions in terms of natural constants.

It seems that the method we present can be generalized to other classes of
dynamical systems, which have a distinguished invariant measure, like Axiom
A diffeomorphisms. It also can be adopted to show that the entropy of the
quadratic family fy(x) = 1 — ux? computed with respect to the absolutely
continuous invariant measure found in Jakobson’s Theorem varies continuously
(the last result is going to appear somewhere else).

1. INTRODUCTION

1.1 Formulating the problem. In many situations one would like to consider fam-
ilies of dynamical systems rather than individual mappings or flows. In these
situations a natural question arises of how numerical invariants of the dynami-
cal system, such as the topological or metric entropy, depend on the parameters.
The continuity of the topological entropy has been studied extensively (for fur-
ther references on the subject cf. [12]). In the current paper we address the
problem of the regularity of the metric entropy for systems which have a nat-
urally distinguished invariant measure. We concentrate on the best understood
class of such systems, the class of expanding mappings. It is well known (cf. [5])
that these mappings have a unique probabilistic invariant measure absolutely
continuous with respect to the Lebesgue measure.

We do not attempt to carry out a similar analysis for more complicated dy-
namical systems here. However, there are other situations where similar results
have been obtained. This includes Axiom A systems, for which the natural class
of invariant measures is the class of Sinai-Bowen-Ruelle measures.
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The problem for expanding mappings has an elegant solution, which should
be treated as a model for other classes of systems. The most complicated situa-
tion to which this model can be applied is the quadratic family j;(x) =1- yxz .
By the theorem of Jakobson [4] there is a set of parameters u of positive mea-
sure for which the mapping j;l has an absolutely continuous invariant measure.
For the set of parameters found in [8] the measure is unique. By a generalization
of the methods of this paper we are able to show that the Lyapunov exponent of
the mapping j; varies continuously on that set. The intermediate result is that
the density of the invariant measure depends continuously on the parameter in
Ll-topology. These results will be presented in [9].

1.2 A brief statement of the main result. Fora C 2-cxpanding map ¢: M - M,
Krzyzewski and Szlenk [5] showed the existence of a function 4 0" M — R,

of class C' such that the measure B, = h¢m is g-invariant (m denotes the
Riemann-Lebesgue measure corresponding to a fixed Riemannian metric). The
main estimate of this paper implies that the map ¢ — A v is continuous from the

space of C2-expanding maps with C2-topology to CO(M ,R) and the modulus
of continuity is xlog(l/x). It is also true that this map is continuous from
the space of C 2-expanding maps with C 2-topology to C' (M ,R) (we will show
that hq, eC l(M ,R)). However, the modulus of continuity requires a more
complicated description, as it will be clear from the proof of Theorem 2. We
will also show the exponential mixing rate of ¢ for C*-functions with a direct
estimate. The new result in the context of expanding maps is that the rate of
mixing can be estimated in terms of the expansion constant, the distorsion and
the diameter of the manifold. Precise statements will be given later. Hence, the
mixing estimate is uniform on any compact family of ¢’s.

1.3 The method. The problem formulated in §1.2 translates into a perturbation
problem for the Perron-Frobenius operator (abbreviation: P-F) of an expanding
map. Subsequently, an estimate of the nonperipheral part of the spectrum of
the P-F (Perron-Frobenius) operator (Theorem 1) is given. It is well known
that such estimates yield the rate of mixing for certain classes of functions [2,
3]. We will show an explicit bound for the rate of mixing for C !_functions in
terms of some naturally defined constants.

1.4 The rate of mixing. In the next few paragraphs we will describe the connec-
tion between the rate of mixing of an expanding map ¢ and bounds for the
nonperipheral part of the spectrum of the P-F operator.

Let f,ge C‘(M,R) . We consider the sequence (u = u¢)

(1) k,,=/Mf°¢"'gd/t—/Mfd,u/Mgdu.

For expanding mappings the existence of Markov partitions [6] combined with
the paper of Bowen [2] yields an estimate |k,| < const- r" where re (0,1) is
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independent of f and g. The P-F operator P,: L'(m) — L'(m) is uniquely
determined by the property: for every f € L®(m), g€ L' (m):

(2) /Mfo o"gdm= /MfP;gdm.

(In other words; P; = U, , where U,( f) = fog.) Using this identity, we can
write

n
(3) k =/Mf(P (g.h¢)—/M(g.h¢)dmh¢> dm.
Let us introduce a projection Q,: Ll(m) L (M) via the formula
) 0,(8)= [ gdm-h,

One can show that P¢ is bounded as an operator from C "o C'. 1t proves
that the spectrum of the P-F operator P¢ consists of 1 and a set contained
within a disk of radius r; < 1 called a nonperipheral spectrum of P¢ (this
result is true in view of [2]; a more up to date way of proving such estimates is
in [3, 7]).

From the definition of r, it follows that for any r > r,:

() 1P, — Q,llc: < const- r".

We can apply this inequality and (3) for any function y € C ! (M ,R) to obtain
(6) |k, | < const]| fl| Lillxll i7"

On the other hand, if r < r, then one can pick functions f and x in such
fashion that |k"|r—" — 0o. So, roughly speaking, r, is the rate of mixing for
C'-functions.

1.5 Continuity of the metric entropy. Another application of our estimate of
the nonperipheral part of the spectrum of the P-F operator is a proof of the
continuity of h¢ as a function of ¢ . One can develop the right approach as
follows: suppose that ¢, y are two close expanding mappings and let us write
f= h¢ - hw . Then one has

(7) P,(h,+f)=h,+f
or
(8) (I-P)f=Ph,—h, € u

In general this equation is not solvable, since 1 € spec(P¢) . We notice, though,
that m(u) = m(P¢hw) - m(hw) = m(hw) - m(hw) = 0. (Notice that m(Pf) =
m(f) forany f € L'(m) .) The spectral radius of the operator P¢ restricted
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to X={feC':m(f)=0} is r, < 1. Hence the solution to (8) can be given
by a convergent von Neumann series:

9) f=U-P) 'u=Y Pu.
=0

A more precise analysis will show that if y is C*-close to @ then u is small in
Co-topology and uniformly bounded in C 1-topology. This is sufficient to show
that f is small in Co-topology.

We recall that for expanding mappings we have the following version of
Rokhlin-Pésin’s formula [11]:

(10) hﬂq((p)=/MlogJ¢du¢ =/M(logJ¢)-h¢dm.

Since obviously C 2e 9 J eC" is continuous, we obtain that the entropy
4 ¢

h u,((”) is a continuous function of ¢ in C 2-topology. We will actually show
that the modulus of continuity is of type xlog(1/x).

1.6 A remark on the analytic families. It is not difficult to show that for real-
analytic families of expanding mappings the density of the absolutely continu-
ous invariant measure is an analytic function of the parameter. It is due to the
compactness of the Perron-Frobenius operator in the analytic domain. How-
ever, even in this situation our bound for the rate of mixing seems to be the
only explicit bound known.

1.7 Acknowledgements. The author would like to acknowledge kindly support of
the Institute for Advanced Study during writing this paper. The author expresses
his thanks to T. Spencer, whose suggestions led to formulating the problem, and
to E. Sorets and M. Pollicott for helpful conversations during the writing of this
paper.

2. PRELIMINARY CONSIDERATIONS

The content of this section is introductory material concerning expanding
mappings. Similar results can be found in the literature. We included full
proofs of the facts we need for the convenience of the reader.

2.1 Basic notation. Let ¢: M — M be a Cz-expanding map of a Rieman-
nian manifold M. By T, M we denote the tangent space of M at x. By
T.o:TM— wa)M we denote the tangent map of ¢ at x € M. The norm
induced by the Riemannian metric will be denoted by |-|. Thus there are
constants C, € R, and 1€ (0,1) such that for every x € M:

(11) (Teo™) ™' < Ci™.
By J we denote the Jacobian of ¢, i.e.
(12) J(x) = |det(T,9)|.
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The determinant is computed with respect to any pair of orthonormal bases.
The inverse of the Jacobian will be denoted by g, i.e.

(13) g(x) =1/J(x).
We also introduce the analogous functions for the iterations:
(14) Jy(x) = J(x) - T(px) -+ T (9" )
8,(x) =g(x) - glpx)----- gy
Let u = logJ . From our assumptions it follows that u is C' and
|dJ(x)]

09 € = up 0wt = 08 S

n—lx).

is finite.

2.2 Basic properties of expanding maps. From the fact that ¢" is a covering
map several important facts follow. Let x,y € M and let ¢: [a,b] — M be
any C l-palth connecting x to y. Forany n and any x' € ¢~ "(y) one can find
a lifting path o,: [a,b] — M connecting x' to some y' € ¢~ "(y). We will
refer to this construction by saying that the preimages x' and y' correspond
by o. It is easy to see that /(o,) < /(o) - COA" . By picking the path g to be
the shortest geodesic path we show easily:

Lemma 1. For any ¢ > 0 and any n € Z_ such that ¢ > C,A" diam(M) and
any x € M the set ¢~ "(x) is e-densein M.

Definition 1. A continuous map y: X — X, where X is a topological space,
is called topologically mixing if for all nonempty open sets U, V C X there is
n, € Z,_ such that for every n > n, we have y" (U)NV #0.

Lemma 1 implies immediately that any expanding map is topologically mix-
ing. The next lemma is a version of the well-known distorsion lemma.

Lemma 2. Suppose that x,y € M, a:[a,b] - M is C' and x' € o "(x),
y' € 9 "(y) correspond to a. Then

g[(x,)

(16) exp(-C,l(0)) < L0

< exp(C,1(0))

where C, = C,C/A/(1—-4).
Proof. Let o; denote the lifting of o by means of (pi which connects (o"'i(x')
to ¢"7'(y'). Clearly, we have

(17) I(6,) < C,2'l(0).
As a result, we can write

5 (o™ (¥ - u((o"_’(y')))\

i=1

(18)
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Obviously log g, = — E' Yuo ¢ Hence (18) implies that

(19) |log g,(x) — log g,(3")| < C, (o).
This, in turn, implies (16). O
2.3 The definition and some properties of the P-F operator.

Definition 2. The P-F operator of ¢ is the following operator P: CO(M ) —
C'(M):
(20) Pfx)= Y f0)eW).
y€p~!(x)
It is easy to verify that

1. m(Pf) = f, where m is the Lebesgue measure on M ;
2. f>20=Pf>0;
3. forevery n€eZ,

(21) P'fx)= > f0)e&,0);
yE€p~n(x)

4. (p"),(f-m)=(P"f)-m forevery f€ C(M) and neZ,.
One can use the next lemma to give a proof of Theorem 7.9 of Krzyzewski
and Szlenk [5].

Lemma 3. Let us define

(22) S(p)={fe C’(M): f(x)>O0forall xe M and (+)}
where (x) for every x,y e M

(23) exp(—pd(x,y)) < f(x)/f(y) < exp(pd(x,)).
Then for any integer n > 1 we have P"(S(p)) C S(p'), where

(24) p = pC" +C,.

Proof. One sees easily that if f € S(p) then

P SO, (x)

P f(y) ~ &) f0)e,0)°

where the maximum is over all pairs x' € ¢ "(x),y’ € ¢~ "(y) which corre-
spond by some geodesic path ¢ on M connecting x to y of length d(x,y).
Therefore,

(25)

Pf()

770) < exp(pCyA"d(x,y)) exp(C,d(x,))

(26)

= exp((pC,A" + C,)d(x,))

= exp(p'd(x,y)).
The theorem has been proved. O
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Corollary 1. For n sufficiently large we have COA" < 1. We define p =
C,/(1-C,A"). For some h € S(p) we have P"h = h, by the Schauder-Tychonoff
fixed point theorem. The last lemma implies that for any x,x' € M

(27) exp(C; 'd(x,x")) < h(x)/h(x") < exp(C,d(x, X)),
(28) c;' <h(x) <G
where C, = exp(C, diam(M)).

We will now derive an inequality which has been most important in the study
of the P-F operator.

Lemma 4. For every f € CI(M) and | € Z_ we have

(29) 1d(P' f)| < CoA'P(ldf1) + C,P' (1))
Proof. Locally we can represent the P-F operator of ¢ as follows:
N(l)
(30) Plfx)=Y (g Nod (x)
i=1
where ¢, ; are local right inverses of ¢1 and N(/) = deg(q:)l . Hence,
) N(l)
ld(P f)| = Z(d& -f+ & df)o ¢1,,~ . d¢1,i
i=1
31 IN(I)
(31) <CA'Y (g ldf) o 8y,
i=1
|d(g 09, nl
+ Jnax T 7. - P(1£1).
We also have
d(g°9,;) = j
ol L) d .
“aa| = e oo

-1 . .
(32) < Zldu|°(¢j °¢1,i)° ID(¢1 °¢1,,')|

Jj=0

-1 ‘
<Y CCA" < CCA/(1-2) =G,
j=0
This concludes our proof. 0O

We shall define norms

(33) I/ = sup | fI/k,
(34) ld71l = sup|dfi/h,
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where A is a fixed function 4 € S such that Ph = h (it is well known that
h is unique up to a multiplicative constant, but this fact will be proved later
independently). From now on we also assume that 4 has been normalized, so

that [, hdm = 1. It is easy to verify that ||P'f|| < ||f|| for any f e C°(M)
and / € Z_ . This implies easily

Propesition 1. For any f € CI(M,R) and l€Z,

(35) 1P £l < A

(36) ld(P' NIl < X' |laf || + BIf|
where A = G and B = G,.

Proof. We use the identity f, - Pf, = P(f,oT- f,). Hence

d(P' f)| 1, h|df] h 1Al
(37) 7 SCO’“’(hoT h)+CP<h T h)

i
< CoAlldfll + Gl A1l
Our proof has been completed. 0O
Remark 1. One often defines the operator

1
(38) Lfx)= Y pOM W) =3P/ -h)
yEP~'(»)
where p = g-h/hoT. From the last proof it follows that L is a (weak)
contraction on CO(M ).

Remark 2. Tt is known that h € C' [6].

Let us discuss a property of expanding mappings which follows from the
definition of cut locus and its basis properties.

Suppose that x € M and { € T M, |[{| = 1. Let a({) be the smallest
number in the set of a > 0 such that the geodesic ¢ — exp, (&), 0 <t < a,does
not minimize distance. One can show that the function £ — a(&) is continuous
and the set C(x) = {a(&)¢: || = 1} € T, M is called the cut locus of x.
We observe that C (x) is homeomorphic to a sphere |£| = 1. Let us consider
the set B(x) = {t¢:0 <t < a(),l = 1}. Clearly int(§(x)) ={t£: 0 <
t <a(f),|é| =1} is a topological ball. One shows that expx(ff(x)) =M and
clearly m(exp, (5(x))) = 0. Therefore one can think of M as E(x) with some
identifications on the boundary. Suppose l e Z,_ and x e 0 (x) One can

X ,x' "

(int(B (x)) have the following properties:

lift the map exp, : B(x) — M via (p and obtain a map exp
The sets B,(x ) =exp

x,x'

L m(M\U,gpmrx) B/(X)) =
2. B(x)nB,(x") =0, if x’ ,x” eol(x), X' £x";
3. dist({x}, B,(x")) < CyA' diam(M);
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4. diam(B,(x")) < 2C A’ diam(M);
5. m(M\g'(B,(x))) =0.

3. THE SPECTRUM OF THE P-F OPERATOR
Throughout this section we will often write A instead of diam(M).

3.1 The main estimate (Theorem 1). Let ¢ be a fixed piecewise expanding and
let P= P, be its P-F operator. The objective of this section is the following
theorem.

Theorem 1. There is | € Z, and constants R € R, y € (0,1), which can be

written in terms of C,,C, ,4, diam(M) only, such that Pisa y-contraction of
the Banach space (X, || -|||) where

(39) X={feC:m()=0}
and || - ||| is defined as follows
(40) AN = max(lldf1], RILA1D-

Proof. To show that Plisa contraction, we will pick a constant ¢ > 0, y €
(0,1) and consider two cases:

Case 1. |fIl < elldf]l,

Case 2. |If1l 2 elldf] .
If ¢ and y are chosen properly, we will show that in both cases ||| - ||| gets
contracted by P'. The estimates are as follows:

Case 1 (easy). We have
RIIP'f]| < RIf]| < Relldf] < Rel|lf]l
Id(P' NIl < 42 |ldf | + BIISIl < (42 + Be)||df]).

As a result we obtain

(42) IP' f]l < max(Re, 42" + Be) -|||f]]-

(41)

We will require that ¢, R,/ are such that

(43) max(Re, A’ + Be) < 1.

Case 2 (the main estimate). We may assume that ||f]| = 1 and ||df] <& '.
We further assume that |lP1 Sl = 7IIf]l and we will show that for y near 1 we
get a contradiction. Thus for some x e M ( f qef f/h and p, def g h/ho T') R

!
(44 PO - 5 aoiorzy

y€p=i(x)
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Let Q= {y€¢ ' (x): f() > 7/2}. We have

(4) a0+ X p0-Lzy
yeQ yEP~I(Xx\Q
which leads to the estimate
Y
(46) PIFAOEES
yeQ

Let 6 = £/8. We claim that for y € Q we have B(y,d) c {y' € M: f(y) >
y/4} . Indeed, if it were not the case then there would be a point y' € B(y,d)
such that f(y') = y/4 and f(y") > y/4 for any y" on the geodesic path
connecting y to y' . Along that path we can write the following inequalities:

(47) ldfl<e™'hs £z 2h
So
ar _ e _4
(48) =dlogN) < =
Hence,
10" 4, 4 1 1
@) I e (‘Ed‘y ,y)) > exp (—55) 22

The claim has been proved.

Let us assume that / is large enough, so that § > AA'. This implies that
B/(y) C B(y,d). Let f,_ denote max(f,0) for any function f andlet u = hm
be the invariant measure for ¢ . As a consequence we obtain

(50) [ r.am= [ fauz 3 2us,o).
yegQ

The measure u(B(y)) can be estimated as follows. We know that q)[(bl(y))
=M (mod 0). Therefore we can write

u(B,(y))  w(B(»))
)
We also have: p, = g,-h/hog¢' and for y' € B,(y)
po) _ &) ho) he'y)
(52) p,v) &) kO he'y)
< exp(C,A) exp(2C,A) ¥ C.

(51)

Therefore Cp,(y) > u(B,(y)) > C_IP,(J’) and

C—l

(53) [ram>2c T po) 2

yeQ

S
[ SIS
oo
a
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Since m(f) =0 then obviously

(54) [7au= [ ram= [ ram> 2
Let us consider the set S C M:

(55) S={zeM: [ (z)>n/2}.
Clearly, we-have

(56) ws) 1+u({r- <3})22n
Hence

(57) 1(S) > n/2.

Let us consider the set

(58) Q ={reg ' x): B()NS#0}.

By an argument similar to the one following estimate (47) we show that if
6, =¢n/8 and Al >, , then

(59) fO'Y<-n/4 as y eB).

Hence,

Y fop )<= % -C™ (B, (»))

y€Q, y€Q)
2
_n _noon__n
(60) <-3c*8)=-36'2="3¢

Hence,
4

P! 7 f
6y Z_ s femm+ X feeo)<i- o

) erne veo, (

Because of the assumption P f(x)/h(x) > y we must have

4

Y

62 y<1- .

(62) 3CY

This is false for y close to 1. From now on we assume that y is set to the

root of the equation y =1— y4 /(8C )3 . In view of the above considerations we
can write

(63) 1P 11 < 7lIA.
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Also, in Case 2
ld(P' f)|| < 44"\df || + BIIf

(64) 1 1

<2 iBcr (ﬂu;) [
We get
(65) IIP'f1ll < max (V,R (ﬂ+3)) LA

Now it is clear how we need to choose the constants. We ought to pick &, R
and / in such fashion that the numbers

i
(66) Re , AA +Bs,y,R(A'1 +B)
are all < 1. Our choice is to make Re¢ =y and then
1 (A A + Be

—_— < .
(67) R (A + B) R <y
Or
(68) AV + Be <.

Since we required that A <9d,/A<L sy2 /64CA, it is sufficient to assume that
2

Aey 2
<
(69) 64CA+Bs_y
or
(70) <y
Ay“/64CA+ B
So, &, [ should be picked to satisfy
4
(71) P (—
Ay“ + 64BCA
A slightly more tractable choice of constants is possible by noticing that y >
1-& =1z (always) Therefore it is easy to see that y < exp(—1/(9C)*). We
notlce that y > 3' . We define a new constant:
(72) = ﬁ(A +64BCA).
Subsequently we choose / to be the smallest integer satizsfyihg the inequalify
log, (D)
7 > T
73) 2 Tog(1/2)

It is easy to see that by making this choice we satisfy all previous requirements.
We obtain

(74) 1P < "' < exp(~1/(9C)*1)

This concludes the proof. O
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Corollary 2. Let p(P|X) be the spectral radius of P on X . Then
(75) log p(P|X) < 1/(9C)’L.

This estimate is the estimate of the mixing rate for C'-functions on M .

4. TWO CONSEQUENCES OF THEOREM 1

In this section we describe in detail the two results based on Theorem 1 noted
in the Introduction.

4.1 Continuity of the invariant density.

Theorem 2. Let & c C? (M, M) be the open set of all expanding maps. Let
h,eC "M ,R ,) denote the density of the invariant measure of ¢ € & 2 Then:

1. The map & ) 0 h¢ € CO(M ,R) is continuous and has modulus of
continuity xlog(1/x);

2. The map &€* 5 ¢ — h, € C*(M,R) is continuous (the modulus of
continuity of this map depends on the modulus of continuity of the second
partials of ¢ in some local representation).

Proof. We need to show first that the map o
(76) & 59~ P,eL(C'(M,R),C’(M,R))

is Lipschitz (note the loss of differentiability).
Indeed, locally (i.e. using local coordinate systems) P¢ can be written in the
following form:

N
(77) Pf(x)=) (g, f)o¢,
Jj=1

where N = deg(¢) and g, is 1/J,,and J, is the Jacobian of ¢ . The maps ¢ ;
satisfy locally ¢ o ¢ ;= id. Suppose now that ¢ = ¢_, where o is a parameter.
Then

] dg,,
0_aP%f(x)= Z (79‘;2'—'/‘) °¢j

(78) ’ 09"
+Zd(g% -f)o¢j . a—aj.
J

Here ¢;’ op,=1id and ¢ o ¢;’ =id. The Implicit Function Theorem yields

8¢”

-1 0 @
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We find easily that

1|0
6a %f g_% 5o S0 ¢,,(|f|)
ldg, | 09
(80) + sup (? ~sup | —==-| P, |f]
+ su ¢°‘ P (|df))
p aa Pa .
This implies an estimate
0 0
< — .
(81) 5alet| < conste| 50| Il
This implies easily that if o,y € & 2 then
(82) IP, — P, |l < constd (¢, y),

where d(¢, y) is the distance in C'-topology and the constant depends on the
C'-norms of Ty and Ty (tangent maps of ¢ and y ). Now we can discuss
the solution to the equation

(83) - P¢)f = P¢hw -h,=u
Clearly, we have |lu||, < const and in view of the equality u = (P¢ - Pw)hw

and inequality (82) we also have ||u||, < constd(¢,y). Also m(u) = 0. From
Theorem 1 it follows that

(84) f=U+P,+P + - )u
exists and forany Ne€Z_:

Ifllco <

N—-1 0

1 1
> Pt 3P
i=0 i=N
< const Nd(¢, v) + const - qN ,

where the constant g € (0,1) is given by Theorem 1. The best estimate is
obtained by taking N ~logl/d(¢, ). This yields

(85)

1
86 < td(p,y)log ———.
(86) I fllco < constd(e,w) ogd(w,w)

This concludes the proof of the first claim of our theorem. To prove the second
claim it suffices to show that [|ul|., goes to 0, as ¢ — y in C2-topology.
Working again in local coordinates and differentiating formula (77) we obtain
(forany fe C'(M,R)):

N
=Z (8,/) 06,06,
(87) o

N N
Zj(fdg )oo; D+ (g,df) o, Dp,.
j=1 j=1
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From this formula it is clear that the map & 25 p — P(o fecC l(M ,R) is
continuous. We complete our proof by applying this observation to u = P¢ hw -
Pwhw. ]

Remark 3. From the proof it follows that the map ¢ — h(p is continuous in

C l-topology on &* , provided that T¢ stays uniformly bounded in Lipschitz
topology. The modulus of continuity is of the type xlog(1/x).

Corollary 3. The entropy h #,(w) has modulus of continuity xlog(1/x).

4.2 An estimate of the rate of mixing. Based on the considerations outlined in
the Introduction, the following theorem can be proved:

Theorem 3. If f € Ll(m) and geC 1(M ) then the sequence

(88) k= [ rgo0"du=[ rau[ rau
M M M

satisfies an inequality

(89) k| < KISl llgler”,

where r € (0,1) and K > 0 can be chosen to depend on C,, C,, A and
diam(M) only. Therefore, K and r are uniformly bounded for ¢ in any com-
pact subset of & 2,
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